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ABSTRACT 
i The spacecraf t  i n  t h e  nex t  s e r i e s  o f  Geostationary Operational Environmental S a t e l l i t e s  (GOES-Next) a re  Ear th p o i n t i n g  and have 5-year miss ion l i f e t i m e s .  Be- 
cause gyros can be depended on o n l y  f o r  a f e w  years o f  continuous use, they w i l l  
be turned o f f  du r ing  r o u t i n e  operat ions.  This  means a t t i t u d e  must, a t  t i m e s ,  be 
determined w i thout  b e n e f i t  o f  gyros and, often, us ing o n l y  Ear th sensor data. To 
minimize the  i n t e r r u p t i o n  caused by dumping angular momentum, these spacecraf t  
have been designed t o  reduce the  environmental torque a c t i n g  on them and inco r -  
pora te  an ad jus tab le  so la r  t r i m  tab f o r  f i n e  adjustment. 
ment f o r  GOES-Next i s  t h a t  of s e t t i n g  the  s o l a r  t r i m  tab. Opt imiz ing i t s  s e t t i n g  
requ i res  an estimate o f  the  unbalanced torque on the  spacecraft.  These two re- 
quirements, determin ing a t t i t u d e  w i thout  gyros and es t imat ing  the  ex terna l  torque, 
are addressed by rep lac ing  or supplementing the  gyro propagation w i t h  a dynamic 
one, t h a t  i s ,  one t h a t  i n teg ra tes  the  r i g i d  body equations o f  motion. By process- 
i n g  quar te r -o rb i t  or longer  batches, t h i s  approach takes advantage o f  ro l l -yaw 
coup l ing  t o  observe a t t i t u d e  completely w i thout  Sun sensor data. 
momentum wheel speeds are  used as observations of the  unbalanced ex terna l  torques. 
GOES-Next prov ides a unique oppor tun i t y  t o  study dynamic a t t i t u d e  propagation. 
The geosynchronous a1 t i  tude and ad jus tab le  t r i m  tab  minimize the  ex terna l  torque 
and i t s  uncer ta in ty ,  making long-term dynamic propagation feas ib le .  This paper 
torques, and an est imate o f  t he  accuracies ob ta inab le  w i t h  t h e  proposed method. 
A new support requ i re -  
I 
Telemetered 
I presents the  equations for  dynamic propagation, an ana lys is  o f  t h e  environmental 
1 -  
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1. INTRODUCTION 
Accurate a t t i t u d e  de terminat ion  t y p i c a l l y  requ i res  a l a r g e  amount o f  da ta  taken a t  
d i f f e r e n t  t imes. 
no ise  b u t  requ i res  a means o f  a t t i  tude propagat ion.  Three-axi s s t a b i  1 i z e d  space- 
c r a f t  u s u a l l y  c a r r y  gyros t h a t  measure how much the  spacecra f t  r o t a t e s  over  sho r t  
t i m e  i n t e r v a l s .  For the  nex t  s e r i e s  o f  Geostat ionary Operat ional  Environmental 
S a t e l l i t e s  (GOES-Next), however, the  gyros w i l l  be turned o f f  when the  spacecraf t  
i s  on-stat ion,  making the  usual method o f  a t t i t u d e  de terminat ion  impossib le .  
GOES-Next has Ear th and Sun sensors, and when both p rov ide  data,  i t  i s  poss ib le  t o  
compute a "s ingle-frame" a t t i t u d e  so lu t i on .  
r o l l  data;  t he  Sun sensors p rov ide  p i t c h  and yaw data. However, t he  Sun i s  v i s i -  
b l e  t o  the  Sun sensors f o r  o n l y  two- th i rds o f  the  day-long o r b i t ,  causing an 8-hour 
p e r i o d  each day when yaw cannot be observed d i r e c t l y .  
gyro propagat ion would make i t  poss ib le  t o  compute the  yaw when the  Sun i s  v i s i b l e  
and then p r e d i c t  i t  f o r  l a t e r  t i m e s  when the  Sun i s  o u t  o f  view. The obvious can- 
d i d a t e  fo r  t h i s  r o l e  i s  the  dynamic equat ion f o r  r i g i d  body r o t a t i o n ,  or E u l e r ' s  
equat ion.  
This  takes advantage o f  averaging t o  reduce t h e  e f f e c t s  of sensor 
The Ear th sensors p rov ide  p i t c h  and 
Having an a l t e r n a t i v e  t o  
Using E u l e r ' s  equat ion t o  propagate f o r  a t t i t u d e  es t ima t ion  i s  n o t  a new idea.  I n  
1976, L e f f e r t s  and Markley (Reference 1)  and Markley and Wood (Reference 2) app l i ed  
dynamic propagat ion t o  Nimbus-6. 
namic modeling and, i n  a d d i t i o n  t o  s o l v i n g  f o r  a t t i t u d e  and angular  v e l o c i t y ,  a l -  
lowed the  es t ima t ion  o f  torque model parameters. I t  worked w e l l  w i t h  s imulated 
da ta  b u t  was unable t o  d u p l i c a t e  r e a l  Nimbus-6 a t t i t u d e  h i s t o r i e s .  
seemed due t o  i m p e r f e c t l y  known environmental torques , unmodel ed c o n t r o l  system 
a c t i v i t y ,  and u n c e r t a i n t y  about the  mass p roper t i es  o f  t h e  spacecraf t .  
The es t imator  inc luded d e t a i l e d  torque and dy- 
This  d i f f i c u l t y  
Fe in  (Reference 3)  concentrated on the  idea o f  es t ima t ing  environmental torques 
f rom wheel speeds and sensor data.  
speed t o  the  c o n t r o l  sys tem and long-term v a r i a t i o n s  t o  the  environmental torques. 
Based on the  knowledge t h a t  t he  a t t i  tude remained c lose  t o  nominal , he was ab le  t o  
model t he  torques w i t h  low-order polynomial func t ions .  Sensor observat ions served 
t o  c o r r e c t  t he  propagated a t t i t u d e .  Although o n l y  t i m e  spans up t o  22 minutes 
were considered, agreement w i th  observed a t t i  tude h i  s t o r i e s  was good. 
He a t t r i b u t e d  short- term v a r i a t i o n s  i n  the  
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Because GOES-Next i s  a t  t he  much h igher  geosynchronous a1 t i  tude, environmental 
torques are  expected t o  be much smal ler  and correspondingly  l e s s  uncer ta in .  
should make dynamic propagat ion more f e a s i b l e  f o r  GOES-Next  than f o r  Nimbus-6. 
This 
Prospects f o r  GOES-Next a re  f u r t h e r  encouraged by i t s  l a r g e  p i t c h  momentum b ias ,  
which s t a b i l i z e s  the  spacecraf t  yaw and r o l l  by keeping the  p i t c h  a x i s  a l i gned  
w i t h  the  o r b i t  normal (Reference 4) .  
Th is  paper descr ibes an a t t i t u d e  es t imator  t h a t  uses E u l e r ' s  equat ion,  adapts i t  
t o  the  GOES-Next mission, and est imates i t s  accuracy f o r  yaw determinat ion.  
2.  GOES-NEXT ATTITUDE 
The a t t i t u d e  o f  GOES-Next i s  def ined r e l a t i v e  t o  a r o t a t i n g  re fe rence coord inate 
s y s t e m  w i t h  i t s  z-axis p o i n t i n g  t o  the center  of  the Earth;  y-ax is  i n  the d i r e c t i o n  
of t h e  n e g a t i v e  o r b i t  normal;  and x-ax is  o r i e n t e d  so t h a t  x ,  y ,  and z f o rm a r i g h t -  
handed orthogonal  t r i a d .  
i s  def ined by a 3-1-2 Euler  a x i s  sequence w i t h  the th ree  r o t a t i o n  angles r e f e r r e d  
t o  as yaw (y) ,  r o l l  ( r) ,  and p i t c h  (p )  (Reference 5 ) .  
The spacecraf t  a t t i t u d e  r e l a t i v e  t o  the  reference s y s t e m  
The spacecraf t  r o l l ,  p i t c h ,  and yaw axes ( x ,  y, and z ,  r e s p e c t i v e l y )  are c lose  t o  
the p r i n c i p a l  axes o f  t he  spacecraf t  moment-of- inert ia tensor .  
nents o f  t h i s  tensor  i n  the  r o l l ,  p i t c h ,  yaw frame are  Ix = 3364.376 k i logram- 
m e t e r s  squared (kg-m 1, 
the  o f f -d iagona l  elements ( t h e  products of  i n e r t i a )  a re  l e s s  than 30 kg-m 
magnitude. 
The diagonal  compo- 
2 2 = 954.936 kg-m , and Iz = 3461.393 kg-m , and a l l  o f  2 
I Y  2 i n  
Est imated a t t i t u d e  u n c e r t a i n t y  i s  due t o  sensor noise,  sensor v i s i b i l i t y ,  and prop- 
agat ion  noise.  
accuracy o f  t he  sensors. 
s ince the  Ear th  i s  assumed t o  be i n  view a t  a l l  t i m e s .  
e r r o r s  i n  the  models o f  environmental and c o n t r o l  torques and unmodeled cont r ibu-  
t i o n s  t o  these torques. 
The standard d e v i a t i o n  of the  sensor no ise i s  a measure o f  the  
V i s i b i l i t y ,  i n  t h i s  case, invo lves  o n l y  Sun v i s i b i l i t y  
Propagat ion no ise  inc ludes  
2.1 SENSORS AND SUN VISIBILITY 
GOES-Next has Ear th sensors t h a t  measure p i t c h  and r o l l  and Sun sensors t h a t  meas- 
u re  p i t c h  and yaw; these measurements a re  te lemetered a t  0.512-second i n t e r v a l s  
(Reference 6): Under normal cond i t ions ,  the  Ear th sensors p rov ide  continuous 
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measurements. The Sun sensors, however, do no t  cover the  spacecra f t  z-axis and so 
do n o t  see the  Sun around l o c a l  midnight .  
There are  two Ear th  sensors t h a t  scan east-west across the  Ear th  d i s k  and combine 
t h e i r  measurements t o  g i ve  p i t c h  and r o l l .  Because o f  t he  h igh  a l t i t u d e ,  hor izon 
e r r o r ,  and t h e  standard dev ia t i on  
01. The quan t i za t i on  i s  a l so  
he igh t  u n c e r t a i n t y  con t r i bu tes  1 i tt 
o f  these observat ions i s  given as 0 
0.01 degree. 
There a re  two types of Sun sensor. 
e t o  sensor 
01 degree ( 
The d i g i t a l  Sun sensor (DSS) i s  the  more accu- 
r a t e  o f  t he  two, having standard dev ia t i on  of 0.0042 degree (10) and quantiza- 
t i o n  o f  0.125 degree. There are a l so  two coarse analog Sun sensor (CASS) sys tems.  
These a re  l ess  accurate, having unspecif ied noise c h a r a c t e r i s t i c s  and quan t i za t i on  
o f  0.039 degree. 
bores igh t  and increases away from the bores ight .  
The e r r o r  f o r  these sensors i s  on the  order  of 1 degree on the  
GOES-Next r o t a t e s  once a day about i t s  y-axis, which i s  rough ly  67 degrees from 
the  e c l i p t i c  plane. The percentage o f  each o r b i t  having Sun coverage i s  approxi- 
mate ly  the  f r a c t i o n  of t he  spacecraft x-z plane i n  the  Sun sensor f i e l d s  o f  v i e w .  
A s  seen from F igure  1, t h i s  leaves about one- th i rd  o f  each day w i thou t  coverage 
X 
4 
SUN SENSOR FIELD 
OF VIEW 
h 
0 In 
F igure 1. Sun Sensor F i e l d  o f  V i e w  
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and w i thout  yaw observations. 
be fore  t h e  loss o f  coverage. 
I t  i s  t h e  more accurate DSS t h a t  sees t h e  Sun j u s t  
2.2 TOROUES 
The torques a c t i n g  on a spacecraft a r i s e  both n a t u r a l l y  and from t h e  con t ro l  sys- 
tem. Natura l  disturbances i nc lude  s o l a r  r a d i a t i o n ,  g r a v i t y  g rad ien t ,  res idua l  
magnetic d ipo le ,  and aerodynami c torques. For GOES-Next, which i s a t  geosynchro- 
nous a l t i t u d e ,  atmospheric torques are  n e g l i g i b l e .  The torques caused by the  con- 
t r o l  s y s t e m  inc lude  those due t o  the  magnetic torquers,  changing wheel speeds, and 
t h r u s t e r  a c t i v i t y .  
once a day, they are no t  modeled here. 
Because the  th rus te rs  are no t  expected t o  be used more than 
So lar  r a d i a t i o n  causes the l a r g e s t  environmental torques on GOES-Next ( R e f e r -  
ence 7 ) .  
manded from the  ground t o  minimize the  s o l a r  torque. 
tab  can reduce the  s o l a r  torque t o  newton m e t e r s  (Nom),  bu t  t he  res idua l  
torques may be as l a rge  as N o m .  The s o l a r  torque i s  approximately a constant 
sca la r  t i m e s  the  cross product o f  the  vec tor  from the  center  o f  pressure o f  the  
s o l a r  a r r a y  t o  the  center  of pressure of the  s o l a r  s a i l ,  which i s  c l o s e l y  a l igned 
w i t h  the  spacecraf t  p i t c h  ax i s ,  and the  Sun-to-spacecraft vec tor .  Thus, t he  so la r  
torque vec tor  i s  n e a r l y  constant i n  i n e r t i a l  space and i s  most ly  i n  the spacecraf t  
r o l l / y a w  plane. I n  the  spacecraf t  body frame, the  l a r g e s t  components o f  the  s o l a r  
torque are  the  r o l l  and yaw components, which have s inuso ida l  t ime dependence w i t h  
the  o r b i t  pe r iod  (one s iderea l  day) w i t h  n e a r l y  equal magnitudes, and a 90-degree 
d i f f e r e n c e  i n  phase. 
torques. 
There i s  a c o n t r o l l a b l e  f l a p  a t  the  end o f  the  s o l a r  a r ray  t h a t  i s  com- 
Proper s e t t i n g  of the  t r i m  
F igure 2 i l l u s t r a t e s  t h i s  dependence o f  t he  r o l l  and yaw 
G r a v i t y  g rad ien t  torques depend o n l y  on the  spacecraf t  a t t i  tude and moment-of- 
i n e r t i a  tensor, so they are e a s i l y  modeled. The l a r g e s t  e r r o r s  i n  the  g r a v i t y  
g rad ien t  torque model come from uncer ta in t y  about the  i n e r t i a  tensor  f o r  the  
spacecraft.  
Magnetic torques come from res idua l  and c o n t r o l  magnetic d ipo les  (References 8 and 
9). The res idua l  d ipo les  are  due t o  e l e c t r i c  currents ,  magnetized ma te r ia l  i n  the  
spacecraf t ,  and commanded to rquer  biases. 
s t a n t  i n  the  spacecraf t  body frame and t o  have magnitudes o f  about 8 ampere-meters 
squared (A-m 1. A t  geosynchronous a l t i t u d e ,  t h i s  can produce a torque o f  a t  most 
They are  considered t o  be almost con- 
2 
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Figure 2. So la r  Rad ia t ion  Torques 
Nom. Because of  the equa to r ia l  o r b i t  o f  GOES-Next, the  E a r t h ' s  magnetic f i e l d  
i s  ma in ly  a long i t s  p i t c h  a x i s .  Therefore, the  torque due t o  r e s i d u a l  d ipo les  i s  
approx imate ly  constant  i n  the  body frame. 
t i m e ,  producing torques as l a r g e  as Nom. 
The c o n t r o l  d ipo les  vary  s low ly  over 
2.3 MOMENTUM WHEELS 
GOES-Next i s  equipped w i t h  two momentum wheels w i t h  t h e i r  axes i n  the  pitch-yaw 
plane, canted a t  an angle o f  1.656 degrees from the  p i t c h  axes. 
p i t c h  angular  momentum b ias  o f  
These produce a 
0 H = - I W ( w 1  + w2) COS (1.656 
and a yaw angular  momentum o f  
h = I ( W  - w,) s i n  (1.656') w 1  (2 )  
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where w and w2 a re  t h e  angular  v e l o c i t i e s  o f  the  two wheels i n  rad ians pe r  second 1 
(rad/sec) and 1, = 0.1082 kg-m i s  the  moment o f  i n e r t i a  o f  each momentum wheel. 
The nominal on -o rb i t  wheel speeds are  5485 revo lu t i ons  per  minute (rpm) f o r  both 
wheels, g i v i n g  H = -124.2 Nms and h = 0. 
t i o n  g ives a p i t c h  con t ro l  torque, and commanding them i n  opposi te  d i r e c t i o n s  gives 
a yaw con t ro l  torque. The dominant e r r o r  c o n t r i b u t i o n  o f  the  momentum wheels i s  
the  torque r i p p l e ,  which has a maximum spec t ra l  dens i t y  o f  6 x (Nom) / h e r t z  
(Hz) f o r  each wheel (Reference 10). 
tachometer, sampled a t  0.512-second i n t e r v a l s ,  w i t h  a quan t i za t i on  o f  0.0163 rpm 
and a noise l e v e l  o f  0.0978 rpm (30) (Reference 11). 
2 
Commanding the  wheels i n  the  same d i rec -  
2 
The momentum wheel speed i s  measured by a 
Should one momentum wheel f a i l ,  the o ther  wheel i s  operated w i t h  a smal ler  reac- 
t i o n  wheel (moment o f  i n e r t i a  = 0.008626 kg-m 1 whose ax i s  i s  a long the  yaw ax i s .  
The speeds o f  these wheels a re  nominal ly  s e t  t o  g i ve  a smal ler  p i t c h  angular mo- 
mentum bias and zero n e t  angular momentum along the  yaw ax i s ,  as before.  The 
present ana lys is  i s  e a s i l y  extended t o  t h i s  backup s i t u a t i o n ,  b u t  i t  w i l l  no t  be 
considered f u r t h e r .  
2 
3. DYNAMIC MODEL 
For an Ear th -po in t ing  spacecraf t  i n  a c i r c u l a r  o r b i t ,  E u l e r ' s  equat ion and the  
k inemat ic  a t t i t u d e  equations can be expressed i n  t e r m s  o f  r o l l ,  p i t c h ,  and yaw; 
the  r e s u l t i n g  equations can be l i n e a r i z e d  f o r  small dev ia t i ons  from nominal a t t i -  
tude (e.g., pages 608-610 of Reference 5). The r e s u l t i n g  equations f o r  GOES-Next, 
t a k i n g  i n t o  account t h e  r o t a t i o n  o f  the  reference frame ( a t  one r e v o l u t i o n  per  
s iderea l  day, or w0 = 7.29 x rad/sec) are 
.. 
1,r - woCH - 4 ( I y  - I,) wOl r - CH + (Ix - I + Iz) WJ = Nx + w 0 h (3a) Y 
(3b) 2 I Yp + 3w0(I, - I,) p = Ny - k 
(3c) Nz - N" I ~ Y  - W,CH - (I, - I,) @,I y + CH + (I, - I + I,) 0,3 i = Y 
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where r, p, and y a re  the  spacecraf t  r o l l ,  p i t c h ,  and yaw i n  radians; a do t  de- 
and I, are the  diagonal components o f  t he  space- notes a t ime d e r i v a t i v e ;  Ix, 
c r a f t  moment-of-inertia tensor  ( t h e  of f -d iagonal  elements have been neglected); H 
and h are  the  i n t e r n a l  p i t c h  and yaw angular momentum (as de f ined i n  Sect ion 2.3); 
, and N, a re  t h e  ex terna l  torques on t h e  spacecraf t  (exc lud ing  the  g r a v i t y  
g rad ien t  torque, which i s  inc luded on the  le f t -hand sides o f  t he  equations); and 
Nw i s  t he  yaw component of the  momentum wheel con t ro l  torque, so t h a t  
I Y  *
N x ’  Ny 
. 
h = Nw (4)  
Equations (3a), (3b), and (3c) e x h i b i t  the  well-known f a c t  t h a t  t he  spacecraf t  
p i t c h  motion i s  independent o f  the  coupled r o l l / y a w  motion, t o  w i t h i n  the accuracy 
o f  the  l i n e a r  approximations used t o  de r i ve  these equations. The GOES-Next p i t c h  
i s  w e l l  determined by continuous Ear th sensor measurements, as discussed i n  Sec- 
t i o n  2.1, so t h i s  paper w i l l  concentrate on the  r o l l / y a w  motion. 
The numerical values f o r  I, and I, given i n  Sect ion 2 e s t a b l i s h  t h e  v a l i d i t y  
o f  t he  approximation 
(5) Ix = I = I E (IxIz)1’2 = 3412.54 kg-m 2 Z 
The d i f f e rences  o f  t he  p r i n c i p a l  moments o f  i n e r t i a  can be ignored i n  the  c o e f f i -  
c i e n t s  con ta in ing  the  b ias  momentum i n  Equations (3a) and (3c) s ince  
Oo(Iy - I) = 0.0015 H (6) 
With these approximations, Equations (3a) and (3c) can be w r i t t e n  
.. 
r = w w r + ( W  + w0) + (Nx + woh)/I o n  n 
where the  nu ta t i on  frequency on i s  g iven by 
(7a) 
(7b) 
(8) w = H / I  = 0.0364 rad/sec n 
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This  corresponds t o  a n u t a t i o n  pe r iod  o f  173 seconds. 
Prec ise  a t t i  tude es t ima t ion  w i  11 r e q u i r e  simultaneous es t ima t ion  o f  unmodeled 
torques, i n  view of the  d i f f i c u l t y  of accu ra te l y  modeling the  d is turbance and con- 
t r o l  
have 
0' 
0 
torques. 
bo th  a constant  term Nc and a s inuso ida l  term 3 w i t h  angular  frequency 
Thus, the  torques a re  
As discussed i n  Sect ion 2.2, the  p r i n c i p a l  torque modeling e r r o r s  
P 
+ N  + W  Nx = N i  + Ncx  
P X  x 
N , = N ; + N  + N  + W  cz pz z 
Nw = N* + wW 
W 
where N;, N;, and N i  are  the  modeled r o l l  , yaw, and wheel torques, respec- 
t i v e l y ,  and w x ,  wz, and ww a re  independent wh i te  no ise  processes. 
values o f  Nc and 
t i m e  dependence. 
A nine-component s t a t e  vec to r  con ta in ing  a l l  t he  parameters t o  be est imated i s  
The est imated 
w i l l  i nc lude  a l l  the  unmodeled torques w i th  t h e  prescr ibed 
P 
where supersc r ip t  T denotes the  ma t r i x  transpose. 
and t h e r e f o r e  i n  an, are  very  small and can be ignored. 
t i o n s  (41, (71, (91, and (10) w i t h  the  assumed s inuso ida l  dependence o f  3 gives 
t h e  dynami c equat ion 
For GOES-Next, v a r i a t i o n s  i n  H, 
Then, combining Equa- 
P 
where 
I F = [-:- i I :-I 
( l l b )  
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A =I wn 0 
0 
-(wn + wo) 
0 
B=ii 
0 
1 
0 
0 
0 
0 
0 
0 
W 
0 
0 
0 
1 
0 
n W 
0 
0 
1 
0 
0 
c = wo 
- 
0 0 0- 0 0 
0 1 0 0  
- 1 0 0 0  
0 0 0 0  1 0 0 0 0  - 
and 0 i s  a 5-by-4 matr ix  o f  zeros. 
The nine-component vectors Ti and i7 are given by 
( 1  IC) 
( l l d )  
( l l e )  
and 
where WPX'  Wpz, w c x '  and wcz are independent ( o f  each other  and o f  wx,  wz, and ww) 
random noise processes. 
but  w i l l  behave as a random walk. Nonzero w and w w i l l  g ive random walk de- 
pendence t o  the phase and amplitude o f  
I f  wcx and wcz are not  zero, Nc w i l l  not  be t r u l y  constant 
P X  PZ 
P '  
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Equation ( l l a )  has the formal s o l u t i o n  
where the s ta te  t r a n s i t i o n  matr ix  Mt, to) i s  a so lu t i on  o f  
w i t h  the i n i t i a l  condi t ion 
! @(to, to) = Ig E the 9 x 9 i d e n t i t y  matr ix  ( 1  4b) 
To avoid confusion, c a p i t a l  I denoting an i d e n t i t y  matr ix  w i l l  always have a 
numerical subscr ipt ,  and c a p i t a l  I denoting moment o f  i n e r t i a  w i  11 have e i t h e r  a 
l i t e r a l  subscr ipt  or no subscr ipt .  
s i m i l a r  t o  Equation ( l l b ) :  
The s ta te  t r a n s i t i o n  matr ix  has a p a r t i t i o n i n g  I 
+(t, to) ; m, to) 
@(t, to) = [- - - - -,- - - - - 
0 I $(t, to) 1 
Subs t i t u t i ng  Equation (15) i n t o  Equations (14a) and (14b) gives 
and 
i<t, to) - A t#dt, to) w i t h  +(to, to) - I4 
G(t ,  to) = c $(t, to) w i th  $(to, to) = I5 
(15) 
( 1  6a) 
(1 6b) 
&t, to) = A e(t,  to) + B q(t, to) w i t h  Nt,, to) = 0 ( 1 6 ~ )  
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I The s o l u t i o n  o f  Equation ( 1 6 ~ )  i s  
so 8(t ,  to) i s  determined when +<t, t0 1 and q(t, t 0 1 are determined. 
l u t i o n  o f  Equation (16b) i s  e a s i l y  seen t o  be 
The so- 
E : o o  so O 0 O l  0 
Y 1 -io io 1 0 q(t, to) = 0 0 0 1  (18) 
where 
( 1  9a) - co = cos oo(t - 
and 
(1 9b) - so = s i n  oo(t - 
I t  i s  thus seen t h a t  the s t ruc tu re  o f  the matr ix  C gives the desired sinusoidal 
dependence o f  
Equation (16a) i s  more d i f f i c u l t  t o  solve. 
P' 
Since A i s  constant, 
I 
+(t, to) = exp C A ( t  - toll (20) 
The c h a r a c t e r i s t i c  equation o f  A i s  
0 = det  CA - XI4] = X + wo + on v 2 ) ( 2  2, (21 1 
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so the eigenvalues of t h i s  matrix are  iwo and i w n .  W i t h  Equation (201, t h i s  
shows tha t  +(t, to) comprises sinusoidal terms w i t h  angular frequencies w0 and 
w This i s  the ju s t i f i ca t ion  for  referring t o  -wn as the nutation frequency. 
Note tha t  the character is t ic  equation i s  intractable  without the assumptions lead- 
i n g  from Equations (3a) and (3c) t o  Equations (7a) and ( 7 b ) .  
nature of +<t ,  to) known, i t  i s  not too d i f f i c u l t  t o  show tha t  the solution of 
Equation (16a) i s  
n '  
W i t h  the periodic 
1 + n ( t ,  to)  = - 
O n 
where 
WnCn 
WnCn 
w s  
w s  
o n  
o n  
1 
n 0 
to) = -w - -w 
- - 
W C  
--w s 
--w s 
-0 s --w c 
n o  W S  
O C  
n o  --w s 
--w c 
--w c 
w s  
n o  O C  
--w s 
-0 s 
--w c 
n o  
0 0  0 0  0 0  0 0  
OnCo n o  
- 0 0  0 0  0 0- 
n o  n o  
0 0  
w i t h  co and so defined by Equations (19a) and (19b1, and 
W S  T-WoCn n n  
- w s  L WoCn n n  
w i t h  
- 
-w c 
u s  
o s  
w c  
n n  
n n  
n n  
n n  
-0 s 
-w c 
-w c 
w s  
o n  
o n  
o n  
o n  
and 
cn i cos w n ( t  - 
sn : sin w n ( t  - 
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Subst i tu t ing  Equations (18) and (22a), (22b1, and ( 2 2 ~ )  i n t o  Equation (17) gives 
i n teg ra l s  tha t  are convolutions o f  t r igonometr ic funct ions and can be evaluated 
without too much d i f f i c u l t y .  The te rms  i n  Mt, to) have on ly  s i x  kinds o f  t i m e  
dependence: l -cn* sn, 1-co, so*  w 0 ( t  - t 0 )c 0' and w o ( t  - to)so .  
4. OBSERVABILITY 
Before proceeding t o  de ta i led  treatment o f  the a t t i  tude est imat ion algorithms, i t  
i s  useful t o  establ ish t h a t  the a t t i t u d e  s ta te  defined i n  Section 3 i s  observable. 
To discuss observab i l i t y  i n  a more general sense, consider an n-dimensional s ta te 
vector and an m-dimensional vector o f  measurements o f  Y: 
where G i s  an m-by-n matrix. 
nm-by-n observab i l i t y  matr ix  
Then the s tate i s  observable i f  and on ly  i f  the 
M E  (25) 
has f u l l  rank n, where F i s  the dynamic matr ix  defined by Equation ( l l a )  for  the 
n-component s ta te  T. 
Consider f i r s t  the f u l l  nine-component state,  w i th  F given by Equations ( l l b )  
through ( l l e ) .  
m = 3 and 
I f  r o l l ,  yaw, and wheel tachometer measurements are avai lable,  
1 G -  [. 0 1 0 0 0 0 0 0  1 0 0 0 0 0 0 0 0  0 0 0 0 1 0 0 0 0  (26) 
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A computation o f  M shows t h a t  t he  s t a t e  
p u t i n g  G, GF, GF2, and GF achieves f u l l  
tude r a t e s ,  wheel speed, and torques a re  
tachometer measurements. 
The observabi  1 i t y  when yaw measurements 
3 
s observable i n  t h i s  case; i n  f a c t ,  com- 
rank. Thus, t he  r o l l / y a w  a t t i t u d e ,  a t t i -  
a l l  observable w i t h  r o l l  , yaw, and 
r e  n o t  a v a i l a b l e  i s  a l s o  o f  i n t e r e s t ,  as 
discussed i n  Sec t ion  2.1. With o n l y  r o l l  and tachometer measurements, m = 2 and 
3 0 0 0 0 0 0 0  0 0 0 1 0 0 0  G" = 6 (27) 
The observabi  1 i t y  mat r i x  computed w i t h  t h i s  has rank e i g h t ,  so the  nine-component 
s t a t e  i s  n o t  observable.  
To a s c e r t a i n  which parameters a r e  obse rvab le  and which a re  not, cons ider  t h e  e i g h t -  
component s t a t e  vec to r  obta ined by d e l e t i n g  the  constant  yaw to rque from y: 
T' Cr, f iun ,  y, i / w " ,  h, Npx, Npz, Nc,lT 
This  obeys the  s t a t e  equat ion 
where 
I w i t h  
I 
I 
1 B '  t jj 
-0 0 0 0- 
w 1 0 1  
0 0 0 0  
0 0 1 0  
0 
- - 
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( 2 9 ~ )  
l and 
0 0 0 0  
c' =a/: -: i] 
0 0 0  
With only roll and tachometer measurements 
O 1  
r l O O O O O O  
G ' = l o  0 0 0 
Forming the observability matrix from products 
full rank, establishing that the attitude, att 
torque and constant roll to?que are observable 
urements. It is more difficult to observe the 
ments than to observe the full state using yaw 
(29d) 
(30) 
0 0 OJ 
k G'(F') for power k up to six gives 
tude rates, wheel speed, periodic 
with only roll and tachometer meas- 
reduced state without yaw measure- 
measurements along with the roll 
and tachometer measurements, as indicated by the need for higher powers of F in 
the former case. 
The preceding computations establi sh that the full ni ne-component state i s observa- 
ble with roll, yaw, and tachometer measurements, but the constant yaw torque is 
unobservable in the absence of yaw measurements, the other eight components of the 
state remaining observable from roll and tachometer measurements. This indicates 
that the constant yaw torque must be estimated during periods with yaw measure- 
ments, and that the errors in this torque must not grow too rapidly in periods 
without Sun sensor vi si bi 1 i ty. 
source wcz is small. 
Thi s is equival ent..to the assumption that the error 
5. KALMAN FILTER 
In principle, the GOES-Next attitude estimation could be carried out using either 
a batch least-squares estimator or a Kalman filter. 
because it is more straightforward to account for process noise with this method. 
The observability analysis of Section 4 shows that yaw data are needed to estimate 
The Kalman filter is preferred 
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the  constant  yaw torque. Thus, a batch est imator  must use a t  l e a s t  one- th i rd  o f  
an o r b i t ,  o r  8 hours, o f  data t o  estimate the  GOES-Next yaw across t h e  pe r iod  o f  
yaw data outage. 
t o  propagate across t h i s  i n t e r v a l  w i thout  accounting f o r  process noise. 
t he  Kalman f i l t e r  w i l l  be considered i n  t h i s  paper. 
The Kalman f i l t e r  propagates estimates of t he  s t a t e  ?k 1(+) and covariance ma t r i x  
( + I  immediately a f t e r  the  (k-1Ist measurement t o  the  t i m e  t k  o f  t he  kth meas- 'k- 1 
urement by means o f  t he  f o l l o w i n g  equations: 
I t  i s  very  l i ke l y  t h a t  the  dynamic models a re  n o t  accurate enough 
Thus, o n l y  
- 
and 
where the  t r a n s i t i o n  m a t r i x  0 i s  given by Equation (15) and t h e  process noise 
spec t ra l  d e n s i t y  ma t r i x  Q i s  def ined by 
446 
E denotes the expectat ion value, V i s  defined by Equation (12b), and 6 ( t  - t ' )  
denotes the Dirac d e l t a  ( u n i t  impulse) funct ion.  Equation (31) i s  simply Equa- 
t i o n  (13) wi thout the unknown process noise te rm,  G. 
process noise spectral  densi ty matr ix i s  
w i th  
- 
05x5 - 
and 
Q =  
- 
- 
0 0 0 
0 qx/H2 0 
0 0 0 
0 0 0 
0 0 0 
05x5 I 
- - - - - -  
- O I O 1   94x4 
The e x p l i c i t  form f o r  the 
(34a) 
(34b) 
where the l a t t e r  notat ion means tha t  Q4x4 i s  a diagonal matr ix  w i th  the ind icated 
arguments as the elements on the main diagonal. 
defined by 
The scalar spectral  densi ty q, i s  
and s i m i l a r  re la t i ons  hold for  qz, q,, qpx, qpz, qcx, and qcz. 
Section 3 a l low closed form evaluation o f  the i n teg ra l  i n  Equation (321, g iv ing  a 
ve ry  e f f i c i e n t  means o f  covariance propagation. 
The resu l ts  of 
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When a measurement i s  processed, the  s t a t e  est imate and covariance ma t r i x  a re  
updated as fo l lows:  
and 
r T 
where S, i s  the  vec tor  of measured values a t  t i m e  $ 9  Gk i s  t h e  ma t r i x  r e l a t i n g  the 
measurement t o  the  s t a t e  as i n  Sect ion 4, Rk i s  the  measurement covariance and Kk 
i s  the  Kalman gain: 
I f  the  a t t i t u d e  estimates are  no t  needed i n  near-real t i m e ,  an opt imal  f i l t e r -  
smoother may be p re fe rab le  t o  a Kalman f i l t e r  (Reference 1.21, b u t  t h a t  o p t i o n  w i l l  
no t  be considered i n  t h i s  paper. 
~ 6. ACCURACY ESTIMATES 
I n  the  absence o f  d e t a i l e d  s imulat ions,  q u a n t i t a t i v e  estimates o f  t he  accuracy 
a t t a i n a b l e  w i t h  the  proposed es t imat ion  procedure r e q u i r e  t h e  use o f  approximate 
models. 
ments a re  ava i l ab le ,  because these per iods t e s t  t he  a t t i t u d e  es t ima t ion  process 
more severe ly  than per iods conta in ing  yaw data. The o b s e r v a b i l i t y  ana lys i s  o f  
Sec t ion  4 shows t h a t  t he  ex terna l  torques are  no t  complete ly  observable w i thou t  
yaw data; t he  model w i l l  t he re fo re  be s i m p l i f i e d  here by e l i m i n a t i n g  the  torques 
I 
This paper w i l l  consider the  accuracy du r ing  per iods  when no yaw measure- 
, 
I 
f rom t h e  s t a t e  vector .  The remaining five-component s t a t e  has an e s t  
t a ined  by computing an approximation t o  t h i s  mat r ix .  The computation 
t h e r  simp1 i f i e d  by averaging the  covariance propagat ion Equation (32) 
I represented by a 5-by-5 covariance mat r ix ,  and t h e  accuracy estimates 
mation e r r o r  
w i l l  be ob- 
can be f u r -  
over a 
n u t a t i o n  per iod,  us ing  the  r e s u l t s  of Sect ion 3 f o r  t he  t r a n s i t i o n  mat r ix ,  and 
I 
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then considering the l i m i t  a t  which the o r b i t  r a t e  i s  n e g l i g i b l e  compared t o  the 
nu ta t i on  rate.  This permits the de le t i on  o f  the r o l l  r a t e  and yaw r a t e  from the 
state, r e s u l t i n g  i n  an ef fect ive 3-by-3 covariance matr ix.  The steady-state co- 
variance can then be found by so lv ing a qua r t i c  equation, which i s  poss ib le  i n  
p r i n c i p l e  bu t  inconvenient i n  pract ice.  However, the s i m p l i f i e d  approach pre- 
sented below gives equivalent r e s u l t s  f o r  the steady-state covariance. 
The v a l i d i t y  o f  the approximate steady-state covariance analys is  r e s t s  on two 
quanti  t a t i v e  aspects o f  the GOES-Next a t t i  tude determination. F i r s t ,  the o r b i t  
r a t e  i s  much l e s s  than the nu ta t i on  rate,  by a f a c t o r  o f  2 x 10- . Second, the 
wheel tachometer measurements are so accurate t h a t  the yaw component o f  the i n t e r -  
nal angular momentum, which i s  a component o f  the s ta te  vector, i s  e s s e n t i a l l y  
determined by tachometer measurements alone; the c o r r e l a t i o n  between i t s  er rors  
and the a t t i t u d e  e r ro rs  i s  thus e f f e c t i v e l y  zero. 
3 
Consider the dynamic Equations (7a) and (7b) i n  the l i m i t  t h a t  wn becomes i n f i n i t e .  
The r e s u l t i n g  equations w i l l  describe motion on t i m e  scales l a rge  compared t o  the 
nu ta t i on  period, w i t h  nu ta t i on  averaged out. The second d e r i v a t i v e  t e r m s  i n  Equa- 
t i o n s  (7a) and (7b) are seen t o  be n e g l i g i b l e  if nuta t i on  i s  ignored. The fac to r  
1 / I  i s  replaced by on/H using Equation (81, and H i s  held a t  i t s  physical  value as 
w i s  taken t o  i n f i n i t y .  This means t h a t  the r o t a t i o n a l  i n e r t i a  o f  the spacecraft 
body i s  dominated by the bias angular momentum on t i m e  scales l a r g e r  than the nuta- 
t i o n  period. 
n 
The l i m i t s  o f  Equations (7a) and (7b) are 
0 = w o r  + 3 + (Nx + woh)/H 
The two-component s t a t e  
cv x E Cr + h/H, yl T 
obeys the dynamic equation 
(40) 
* N N  N N 
X = F X + U + W  
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(41 a) 
w i t h  
and 
N 
F = w  [ O  ’1 
O -1 0 
T 
h, 
u = H-’ [“:. - N;] 
I Equation (4) was used i n  de r i v ing  these equations. 
matr ix,  defined by an equatlon analogous t o  Equation (331, i s  
With the assumption t h a t  q, 
l and q,, def ined i n  Equation (351, a r e  equal,  the  process noise spect ra l  dens i ty  
where q denotes the common value o f  q, and 4,. 
I n  t h i s  der ivat ion,  q i s  the spectral densi ty of the process noise representing 
unmodeled external  torques. 
period, as discussed a t  the beginning o f  t h i s  section, shows t h a t  a con t r i bu t i on  
1/2 qw from the momentum wheels should be added t o  q, the f a c t o r  o f  1/2 a r i s i n g  
2 2 from the t i m e  average o f  s i n  ant and cos writ. 
p le,  as discussed i n  Section 2, i t s  numerical value can be estimated as 
The more r igorous method o f  averaging over a nutat ion 
Since qw ar ises from torque r i p -  
where the f a c t o r  of 2 appears because two wheels con t r i bu te  t o  h, and 2n i s  the 
conversion from he r t z  t o  radians per second. The environmental torque errors  are 
no t  w e l l  approximated by a white noise process, but  the spectral  densi ty  of these 
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e r r o r s  can be estimated by m u l t i p l y i n g  the  mean square torque e r r o r s  by a cor re la -  
t i o n  t i m e .  
tude o f  equinox torques shown i n  F igure 2. 
gives the  f i l t e r  memory span requ i red  t o  est imate yaw, i s  a reasonable estimate o f  
t he  c o r r e l a t i o n  time. 
torques i s  
1 The maximum expected torque e r r o r s  a re  about 10 percent  o f  t h e  ampli- 
The q u a r t e r - o r b i t  per iod ,  which a l so  I 
Thus, an upper l i m i t  o f  t he  spec t ra l  d e n s i t y  o f  ex te rna l  
2 
q = ( 5  x Nom) (21541 SI = 5.4 x lo-’ (Nom) 2 S  (45) 
The wheel torque r i p p l e  spec t ra l  dens i ty ,  qw, i s  n e g l i g i b l e  compared t o  t h i s .  
The speed of each momentum wheel i s  measured a t  0.512-second i n t e r v a l s  w i t h  e r r o r  
variance: 
Rtach = C(0.0163)2/12 + ( 0 . 0 9 7 8 / 3 ) 2 1 ( 2 ~ / 6 0 ) 2 ( r ~ d / s ) 2  = 1.2 x (rad/s)‘ (46) 
where the  f a c t o r  o f  12 converts quan t i za t i on  e r r o r  t o  var iance and 2~160 converts 
r e v o l u t i o n s  per  minute t o  radians per  second. 
0.512-second i n t e r v a l s  w i t h  e r r o r  variance: 
The r o l l  i s  a l s o  measured a t  
R r o l  1 = C(0.01)2/12 + (0.01)21(~/180)2 rad2 = 3.3 x lo-* rad2 
where n/180 converts degrees t o  radians. 
g i ve  a measurement o f  t he  f i r s t  component o f  ‘;i w i t h  e r r o r  var iance 
These measurements can be combined t o  
(47) 
s ince t h e  tachometer e r r o r s  a re  n e g l i g i b l e .  
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Since the  measurement I n t e r v a l  A t  I s  much l e s s  than the  n u t a t i o n  per iod,  which 
has a l ready  been neglected i n  d e r i v i n g  Equation (41a). t he  measurements can be 
t rea ted  as continuous r a t h e r  than d i sc re te .  This leads t o  a f i r s t - o r d e r  d i f f e r -  
e n t i a l  equation f o r  t he  covariance (Reference 12): 
where 
and 
T E =  c1 01 
2 R = RkAt  = 1.7 x rad  s 
W r i t i n g  
and us ing  Equations (41b) and (43) g ives the  th ree  sca la r  equations: 
. 2 
P l l  = "OP12 + q/H2 - pll/R 
(50)' 
(51 1 
(53a) 
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Solving Equations (53a), (53b),.and ( 5 3 ~ )  for the covariance for which the time 
derivatives vanish gives the following steady-state covariance: 
(54a) p l l  = w o R C ( a  + 3)(a - 1 1 1  1 /2 
(54b) 1 /2 = w R aC(a + 3)(a - 111 p22 0 
= w R(a - 1 )  ( 54c 1 p12 0 
where 
L J 
Taking a equal to the negative of the square root in Equation (54d) also gives a 
steady-state solution, but this i s  unacceptable because it gives a negative value 
for p22, which must be nonnegative. 
The principal quantity o f  interest for this analysis is the variance of the yaw 
2 2  5 estimate, or pZ2. 
approximation: 
For GOES-Next, q/(woH R )  = 3.9 x 10 >> 1 ,  so to an excellent 
p22 = woRa2 = q/(ooH2) ( 5 5 )  
It is remarkable that the yaw variance is independent of the measurement error R 
in this limit. Equation (55) provides a general parameterization of the yaw ac- 
curacy as a function of the torque modeling errors. Inserting the GOES-Next 
values for the parameters gives 
U (p22)112 = 6.9 x rad - 0.040 deg (56) Yaw 
This i s  very close to the performance expected by the spacecraft contractor (Ref- 
erence 10). 
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7. CONCLUSIONS 
Dynamic propagation promises to be a valuable complement to gyro propagation for 
GOES-Next, permi tti ng observation of yaw during Sun sensor data gaps and estimation 
of environmental torques for setting the trim tab. 
close to Earth pointing, the propagation equations are nearly linear. 
assumption that the body angular momentum is much smaller than that of the momentum 
wheels allows closed-form solution of those equations. The solution has terms that 
vary at the orbital rate and at the much higher nutation rate. 
with greater than the nutation frequency a1 lows closed-form expressions for the yaw 
accuracy, also. 
Provided the attitude remains 
The added 
Neglecting errors 
Error enters the propagation through imperfectly modeled environmental torques, 
control torques that are ignored because of lack of information, and random fluc- 
tuations in the wheel-bearing torque. The largest sources o f  error are expected 
to be the solar torque modeling and the neglected magnetic control torques. The 
stabilizing pitch momentum bias, the accurate wheel tachometer data, and the rel- 
atively small torques at geosynchronous a1 ti tude permit propagation in the pres- 
ence of these errors. 
I 
Since the error propagation equations are linear, the Kalman filter proposed here 
is also linear and should be easier to develop than a general extended Kalman fil- 
ter. With the transition matrices calculated in closed form, the filter should 
also be efficient to operate. In practice, this filter would process full orbits 
of data to estimate torque parameters and propagate the yaw during Sunless periods. 
The process and sensor noise levels expected for GOES-Next yield an estimated yaw 
accuracy of 0.040 deg following the gap in Sun coverage. This number is consistent 
with manufacturer estimates of yaw drift over that period. Successfully applying 
dynamic propagation to GOES-Next operations support would break new ground for the 
Flight Dynamics Division o f  the Goddard Space Flight Center and would provide a 
much needed backup to the usual gyro propagation. 
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